We consider the 1 + 1 dimensional N = (2, 2) supersymmetric matrix model which is obtained by dimensionally reducing N = 1 super Yang-Mills from four to two dimensions. The gauge groups we consider are U(N ) and SU(N ), where N is finite but arbitrary. We adopt light-cone coordinates, and choose to work in the light-cone gauge. Quantizing this theory via Discretized Light-Cone Quantization (DLCQ) introduces an integer, K, which restricts the light-cone momentumfraction of constituent quanta to be integer multiples of 1/K. Solutions to the DLCQ bound state equations are obtained for 2 ≤ K ≤ 6 by discretizing the lightcone supercharges, which results in a supersymmetric spectrum. Our numerical results imply the existence of normalizable massless states in the continuum limit K → ∞, and therefore the absence of a mass gap. The low energy spectrum is dominated by string-like (or many parton) states. Our results are consistent with the claim that the theory is in a screening phase.
Introduction
Supersymmetric gauge theories in low dimensions have been shown to be related to non-perturbative objects in M/string theory [1] , and are therefore of particular interest nowadays. More dramatically, there is a growing body of evidence suggesting that gauged matrix models in 0 + 1 and 1 + 1 dimensions may offer a non-perturbative formulation of string theory [2, 3] . There is also a suggestion that large N gauge theories in various dimensions may be related to theories with gravity [4] .
It is therefore interesting to study directly the non-perturbative properties of a class of supersymmetric matrix models at finite and large N, where N is the number of gauge colors. In previous work [5, 6] , we focused on two dimensional matrix models, since the numerical technique of Discrete Light-Cone Quantization (hereafter 'DLCQ' [7] ) may be implemented to determine bound state wave functions and masses.
In this work, we extend these investigations by solving the DLCQ bound state equations for a two dimensional supersymmetric matrix model with N = (2, 2) supersymmetry. Such a theory may be obtained by dimensionally reducing N = 1 super Yang-Mills from four to two space-time dimensions [8] . Various studies related to this model can be found in the literature [9, 10] , and it has recently been shown that this theory exhibits a screening phase [12] .
The content of this paper is divided up as follows. In Section 2, we formulate the N = (2, 2) supersymmetric matrix model in the light-cone frame, and quantize the theory by imposing canonical (anti)commutation relations for fermions and bosons respectively. In Section 3, we briefly describe the DLCQ numerical procedure, and present our numerical results for the bound state spectrum. The structure of bound state wave functions is also discussed. A summary of our work appears in the discussion of Section 4. Details of the underlying four dimensional N = 1 super Yang-Mills theory (i.e. before dimensional reduction) can be found in Appendix A. (x 0 ± x 3 ). The resulting two dimensional theory may be described by the action
where the repeated indices α, β are summed over light-cone indices ±, and I, J are summed over transverse indices 1, 2. The two scalar fields X I (σ 
is the two dimensional gauge field curvature tensor, while
is the covariant derivative for the (adjoint) spinor fields. The two 2 × 2 real symmetric matrices β I , and anti-symmetric matrix ǫ 2 , are defined in Appendix A.
Since we are working in the light-cone frame, it is natural to adopt the light-cone gauge A − = 0. With this gauge choice, the action (1) becomes
where
T R θ R is the longitudinal momentum current. The (EulerLagrange) equations of motion for the A + and θ L fields are now
1 The space-time points in four dimensional Minkowski space are parameterized, as usual, by coordi-
These are evidently constraint equations, since they are independent of the light-cone time σ + . The "zero mode" of the constraints above provide us with the conditions
which will be imposed on the Fock space to select the physical states in the quantum theory. The first constraint above is well known in the literature, and projects out the colorless states in the quantized theory [16] . The second (fermionic) constraint is perhaps lesser well known, but certainly provides non-trivial relations governing the small-x behavior of light-cone wave functions 2 [15] .
At any rate, equations (3),(4) permit one to eliminate the non-dynamical fields A + and θ L in the expression for the light-cone Hamiltonian P − , which is a particular feature of light-cone gauge theories. There are no ghosts. We may therefore write down explicit expressions for the light-cone momentum P + and Hamiltonian P − exclusively in terms of the physical degrees of freedom represented by the two scalar fields X I and twocomponent spinor θ R :
The light-cone Hamiltonian propagates a given field configuration in light-cone time σ + , and contains all the non-trivial dynamics of the interacting field theory.
Let us denote the two components of the spinor θ R by the fermion fields u α , α = 1, 2.
Then, in terms of their Fourier modes, the physical fields may be expanded at light-cone time σ + = 0 to give
For the gauge group U(N), the (anti)commutation relations take the form
2 If we introduce a mass term, such relations become crucial in establishing finiteness conditions. See [15] , for example. 3 The symbol † denotes quantum conjugation, and does not transpose matrix indices.
while for SU(N), we have the corresponding relations
An important simplification of the light-cone quantization is that the light-cone vacuum is the Fock vacuum |0 , defined by
for all positive longitudinal momenta k + > 0. We therefore have
The "charge-neutrality" condition (first integral constraint from (5) closed string, where each creation operator (or 'parton'), carrying some longitudinal momentum k + , represents a 'bit' of the string. A product of traced operators is then a multiple string state, and the quantity 1/N is analogous to a string coupling constant [22] .
At this point, we may determine explicit expressions for the quantized light-cone operators P ± by substituting the mode expansions (8),(9) into equations (6), (7) . The mass operator M 2 ≡ 2P + P − may then be diagonalized to solve for the bound state mass spectrum. However, as was pointed out in [13] , it is more convenient to determine the quantized expressions for the supercharges, since this leads to a regularization prescription for P − that preserves supersymmetry even in the discretized theory.
In order to elaborate upon this last remark, first note that the continuum theory possesses four supercharges, which may be derived from the dimensionally reduced form of the four dimensional N = 1 supercurrent (eqn (31) in Appendix A):
where α = 1, 2, and repeated indices are summed. The two 2 × 2 real symmetric matrices β I are discussed in Appendix A. By explicit calculation or otherwise, these charges satisfy the following relations 4 :
If we substitute the mode expansions (8), (9) into equations (15), (16) for the light-cone supercharges Q ± α , we obtain the following 'momentum representations' for these charges:
and
where repeated indices are always summed: α, β, η = 1, 2 (spinor indices), I, J = 1, 2 (SO(2) vector indices), and i, j, m = 1, . . . , N (matrix indices). 4 Surface terms contributing to the central charge are assumed to be vanishing.
In order to implement the DLCQ formulation 5 of the bound state problem -which is tantamount to imposing periodic boundary conditions σ − ∼ σ − +2πR -we simply restrict the momentum variable(s) appearing in the expressions for Q ± α (equations (20), (21)) to the following discretized set of momenta:
Here, P + denotes the total light-cone momentum of a state, and may be thought of as a fixed constant, since it is easy to form a Fock basis that is already diagonal with respect to the quantum operator P + [7] . The integer K is called the 'harmonic resolution', and 1/K measures the coarseness of our discretization -we recover the continuum by taking the limit K → ∞.
Physically, 1/K represents the smallest positive 6 unit of longitudinal momentum-fraction allowed for each parton in a Fock state.
Of course, as soon as we implement the DLCQ procedure, which is specified unambiguously by the harmonic resolution K, the integrals appearing in the definitions for Q ± α are replaced by finite sums, and the eigen-equation
|Ψ is reduced to a finite matrix diagonalization problem. In this last step, we use the fact that P − is proportional to the square of any one of the two supercharges Q − α , α = 1, 2 (equation (18)), and so the problem of diagonalizing P − is equivalent to diagonalizing any one of the two supercharges Q − α . As was pointed out in [13] , this procedure yields a supersymmetric spectrum for any resolution K. In the present work, we are able to perform numerical diagonalizations for 2 ≤ K ≤ 6 with the help of Mathematica and a desktop PC.
In the next section, we discuss the details of our numerical results.
DLCQ Bound State Solutions
We consider discretizing the light-cone supercharge Q − α for a particular α ∈ {1, 2}, and for the values 2 ≤ K ≤ 6. For a given resolution K, the light-cone momenta of partons in a given Fock state must be some positive integer multiple of P + /K, where P + is the total light-cone momentum of the state.
Of course, the fact that we may choose any one of the two supercharges to calculate the spectrum provides a strong test for the correctness of our computer program, and consistency of the DLCQ formulation. It turns out, however, that there are a few surprises 5 It might be useful to consult [13, 16, 17, 18] for an elaboration of DLCQ in models with adjoint fermions. An extensive list of references on DLCQ and light-cone field theories appears in the review [14] . 6 We exclude the zero mode k + = 0 in our analysis; the massive spectrum is not expected to be affected by this omission [23] , but there are issues concerning the light-cone vacuum that involve k + = 0 modes [20, 21] .
in store. First of all, the supersymmetry algebra (eqns (17)- (19)) is certainly true in a continuum space-time, but there is no obvious reason to expect that these relations should also hold exactly in a discretized version of the theory. From our numerical studies, however, we find that relations (17) and (19) are indeed exactly satisfied in the discretized theory.
A potential problem arises, however, in relation (18) . First of all, one finds that Q } become more and more sparsely distributed, and we expect them to occupy a subset of measure zero in the continuum limit K → ∞. This is substantiated by direct inspection of the matrix {Q
We also encounter a further anomaly when computing the difference (Q
According to relation (18) , this difference is precisely zero in the continuum, but in the discretized theory, it is non-vanishing. As we discussed above, this can be understood as an artifact of the truncated momenta in the DLCQ formulation, and disappears in the continuum limit K → ∞.
Nevertheless, we should worry at this stage about the definition of the light-cone
Hamiltonian. Relation (18) suggests that we may define the DLCQ light-cone Hamiltonian as the square of any one of the supercharges. Because the difference (Q
is non-vanishing in the discretized theory, we have two possible choices for defining the light-cone Hamiltonian:
. Surprisingly, after diagonalizing each of these operators for different K, the spectrum of eigenvalues turns out to be identical! This is certainly another attractive feature of DLCQ that deserves further study 7 .
Of course, this implies that the spectrum of the theory for finite K is independent of the choice of supercharge, and therefore well defined. It would be interesting to investigate whether other physical observables are independent of the observed anomaly in the supersymmetry algebra.
Let us begin with a discussion of massless states. Firstly, for gauge symmetry U(N), 7 One suggestion is that these 'discrepancies' in the operator algebra are related to large gauge transformations arising from the light-like compactification in DLCQ, and are therefore expected to vanish in the continuum limit K → ∞. For finite K, the operator 'anomalies' we observed may be gauge equivalent to zero. the U(1) degrees of freedom explicitly decouple, and this provides trivial examples of massless states, which can be seen in the DLCQ analysis. Consequently, all the nontrivial dynamics is contained in the SU(N) gauge theory. For K = 2, the SU(N) Fock space consists of two parton states only. Moreover, since Q − α increases or decreases the number of partons by one, it necessarily annihilates all Fock states, and so all states are massless. However, for K ≥ 3, determining the existence (or not) of massless states in the SU(N) theory turns out to be a highly non-trivial problem involving the full dynamics of the Hamiltonian. We will therefore restrict our attention to the bound state spectrum of the SU(N) gauge theory.
The results of our DLCQ numerical diagonalization of (Q − α )
2 at resolution K = 3 is summarized in Table 1 . To test our numerical algorithm, we diagonalize (the square of) each supercharge, and find the same spectrum -which is consistent with supersymmetry.
Let us now consider resolution K = 4. Table 1 : SU(N) bound state masses M 2 in units g 2 N/π for resolution K = 3 (six significant figures). When expressed in these units, the masses are independent of N (i.e. there are no 1/N corrections at this resolution), and so these results are applicable for any N > 1. The notation '4 + 4' above implies an exact 8-fold mass degeneracy in the DLCQ spectrum with 4 bosons and 4 fermions. In total, there are 20 bosons and 20 fermions. presented in Table 2 . If we express the masses in units g 2 N/π, then there are no 1/N corrections at resolutions K = 3 and K = 4. However, for K ≥ 5, one sees 1/N effects in the spectrum. In Table 3 , we list bound state masses for N = 3, 10, 100 and 1000 at resolution K = 5. At this resolution, there are 472 bosons and 472 fermions. Table   3 illustrates mass splittings that occur in the spectrum as a result of 1/N interactions, which become increasingly important as we decrease N. For example, at N = 1000, there is an apparent degeneracy in the numerical spectrum at M 2 = 2.18043 which is visibly broken when N = 10.
It turns out that these states are easily identified as weakly bound multi-particles Table 2 : SU(N) bound state masses M 2 in units g 2 N/π for resolution K = 4 (six significant figures). When expressed in these units, the masses are independent of N (i.e. there are no 1/N corrections at this resolution), and so these results are applicable for any N > 1. In total, there are 92 bosons and 92 fermions at this resolution.
at large (but finite) N. To show this, note that bound states at K = 2 are necessarily massless -M 2 (K = 2) = 0 -while for K = 3, the lightest non-zero mass state satisfies M 2 (K = 3) = 1.30826. The mass squared M 2 (K = 5) of a freely interacting multiparticle composed of one K = 2 particle and one K = 3 particle now follows from simple kinematics [11] :
The result is M 2 (K = 5) = 2.18043, after inserting the observed values for
and M 2 (K = 2). Note that this value for M 2 (K = 5) is a prediction for the mass of two freely interacting particles at resolution K = 5 (or equivalently, carrying K = 5 units of light-cone momentum). Thus, for large enough N (or for sufficiently small coupling 1/N), we expect to see bound states approaching this two-free-body mass. Table 3 confirms this prediction. Such predictions of multi-particle masses were also carried out for the N = (1, 1) model [5] , and are a strong consistency test of the (typically complex) numerical algorithms adopted in this work.
Note, in general, that the 1/N interactions increase the masses of light particles, and decrease the mass of heavy particles (see Table 3 ). For K = 6, there are over 4500 states in the Fock basis. The resulting DLCQ spectrum for N = 1000 appears in Figure 1 , together with bound state masses obtained at the lower resolutions K = 3, 4 and 5. It is apparent from this graph that as we increase K (i.e. as we move from right to left), the DLCQ spectrum seems to approach some dense subset of the positive real (vertical) axis. One may infer that in the continuum limit K → ∞, the spectrum does indeed 'fill up' the vertical axis, which is certainly compatible with a recent study that suggested this theory should be in a screening phase [12] .
As we pointed out earlier, decreasing N introduces noticeable splittings in the spec- tions. This is of particular interest to us here since we would like to know whether such a theory exhibits a mass gap or not. In the context of our DLCQ analyses, this involves establishing, in addition to the trivial light-cone vacuum, the existence -or not -of a normalizable massless state in the continuum theory K → ∞.
According to the literature, the N = (2, 2) model is believed not to have a mass gap [1] . We now outline how our numerical results support such a claim 9 .
Firstly, at resolution K = 3, and N = 1000, one identifies a massless boson (and its superpartners) that has the form
where P + is the total (fixed) momentum. At resolution K = 4, one identifies a massless boson of the form
where "additional Fock states" represents a superposition of two and four parton Fock states with amplitudes less than 0.25 (typically, very small). It is therefore natural to identify the bound state solution above for K = 4 with the K = 3 solution [Eq. (23)].
At K = 5, something seems to go wrong; there are no massless states that may be characterized as a superposition of predominantly two-parton states, as in eqns (23) and (24) . However, there is a state with mass squared 11 M 2 = 0.0067 (N = 1000), which has the explicit form
where "additional Fock states" above represents a superposition of four parton Fock states with relatively small amplitudes. Evidently, it is natural to associate this bound state with the massless bound states (23) and (24) observed at lower resolutions.
At this point, we would like to know whether this non-zero mass will persist in the continuum limit K → ∞, or whether it is an artifact of the Fock state truncation enforced by the DLCQ procedure.
As it turns out, solving the DLCQ bound state equations at resolution K = 6 reveals an exactly massless (bosonic) solution that is essentially a superposition of two-parton Fock states (as in eqns (23), (24) and (25)), with wave functions that have approximately the same shape, relative magnitude and sign as the wave functions appearing at lower resolutions. The 'glitch' in the spectrum observed at K = 5, therefore, appears to be an artifact of the numerical truncation, although it would be desirable to probe larger values of K (e.g. K ≥ 7) to confirm this viewpoint.
At any rate, we have identified a series of DLCQ solutions that is expected to converge in the limit K → ∞ to a massless bound state. This continuum solution would rule out the possibility of a mass gap, in agreement with [1] .
We should remark at this point that the Fock state representation of the lowest energy states in this model appear to be significantly more complicated than solutions found in other field theories with massless particles -such as the t' Hooft pion, or Schwinger particle. A theory with complex adjoint fermions studied relatively recently [17, 18] revealed many massless states with constant wave function solutions. In contrast, it turns out that any normalizable state in the (continuum) supersymmetric model studied here must be a superposition of an infinite number of Fock states [19] . An analogous situation occurred in the model with N = (1, 1) supersymmetry [5] .
Finally, we comment on the 'string-like' nature of bound states that dominate the low energy spectrum. Although we focused on a massless state composed of mainly twoparton Fock states, one can always find a massless bound state dominated by Fock states with an arbitrarily large number of partons for sufficiently large K. The structure of the low energy spectrum is similar, consisting of bound states of all lengths permitted by the truncation parameter K. Such qualitative features of the spectrum were exhibited also in the N = (1, 1) supersymmetric model [5, 13] .
Discussion
To summarize, we have performed a detailed analysis of the DLCQ bound state spectrum of an N = (2, 2) supersymmetric matrix model, which may be heuristically derived by dimensionally reducing N = 1 super-Yang-Mills from four to two space-time dimensions.
The gauge group is SU(N), and we allow N to be finite, but arbitrarily large.
We discretize the light-cone supercharges via DLCQ, and find that certain supersymmetry relations are exactly satisfied even in the discretized formulation. In particular, relations (17) and (19) hold exactly in DLCQ. We find, however, that relation (18) holds only approximately, although the discrepancy diminishes as the resolution K is increased. As a consequence, the difference between the discrete light-cone supercharges
2 is non-zero. Surprisingly, however, the eigenvalues of (Q Tables 1 and 2 , for example). It would be desirable to understand why -in the DLCQ formulation -the supersymmetry operator algebra is only approximately satisfied, while the spectrum itself appears to reflect unbroken supersymmetry. Perhaps the observed anomaly in the algebra cancels for physical observables 12 , which would be consistent with the idea that certain quantities are 'gauge equivalent' to zero.
In Table 3 , we illustrate the dependence of bound state masses on the number of gauge colors N. Convergence is evident at large N if we keep g 2 N constant. We also resolve mass splittings in the spectrum as a result of 1/N interactions (see Table 3 ). It appears that decreasing N (i.e. increasing the strength of the 1/N interactions) has the generic effect of decreasing particle masses, except for very light particle states. Note that there is no N dependence of the spectrum at resolutions K = 3 and 4 -one needs to consider K ≥ 5 to observe any variation with N.
In Figure 1 , we plotted the DLCQ spectrum for resolutions K = 3, 4, 5 and 6, and observed that the supersymmetric spectrum approaches a dense subset of the positive real axis. This is compatible with the recent claim that the theory is in a screening phase [12] .
By carefully studying the Fock state content of certain bound states at different resolutions, we argued for the existence of a normalizable massless state in the continuum limit K → ∞. A mass gap is therefore expected to be absent in this theory.
We also observed that the low energy spectrum is dominated by states with arbitrarily many partons -a constituent picture involving few-parton Fock states is obviously an inadequate representation for capturing the full low energy dynamics of this model.
In the light of this highly complex bound state structure, it is tempting to suggest that we are probing a dynamical system that might be more adequately (and simply)
described by an effective field theory in higher dimensions 13 . Following the remarkable proposals of Matrix Theory and the AdS/CFT correspondence, it would be interesting to pursue this speculation further.
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where this work was begun. 12 We might be able to redefine the supercharges Q
, for appropriate matrices R, S, so that relation (18) holds exactly even in the discretized theory. However, this would imply a non-vanishing result for relation (19) . Nevertheless, it would be tempting to argue that this non-vanishing contribution (or 'central charge') reflects the topology induced by compactification of the light-like circle in DLCQ [24] . 13 The presence of two transverse scalar fields suggests a non-critical string theory in four dimensions.
A Appendix: Super-Yang-Mills in Four Dimensions
Let's start with N = 1 super Yang-Mills theory in 3+1 dimensions with gauge group U(N) or SU(N):
and µ, ν = 0, . . . , 3. The Majorana spinor Ψ transforms in the adjoint representation of the gauge group. The (flat) space-time metric g µν has signature (+, −, −, −), and we adopt the normalization tr(T a T b ) = δ ab for the generators of the gauge group.
The supersymmetry transformations
give rise to the following supercurrent:
In order to realize the four dimensional Dirac algebra {Γ µ , Γ ν } = 2g µν in terms of Majorana matrices, we use as building blocks the following three 2 × 2 real anti-commuting matrices:
We may now define four 4 × 4 pure-imaginary matrices as tensor products of the above matrices:
and it follows that these matrices satisfy {Γ µ , Γ ν } = 2g µν , as required. In our numerical work, we use this particular representation.
To formulate the theory in light-cone coordinates, it is convenient to introduce ma-
where the two 2 × 2 real-symmetric matrices β I , I = 1, 2, are defined by writing β 1 = ǫ 1 , and β 2 = ǫ 3 .
It is now straightforward to verify that P L ≡ 
This decomposition is particularly useful when working with light-cone coordinates, since in the light-cone gauge one can express the left-moving component ψ L in terms of the right-moving component ψ R by virtue of the fermion constraint equation. We will derive this result shortly. In terms of the usual four dimensional Minkowski space-time coordinates, the light-cone coordinates are given by
, "time coordinate" (36)
x ⊥ = (x 1 , x 2 ). "transverse coordinates"
Note that the 'raising' and 'lowering' of the ± indices is given by the rule x ± = x ∓ , while x I = −x I for I = 1, 2, as usual. It is now a routine task to demonstrate that the Yang-Mills action (26) is equivalent to 
which is evidently a non-dynamical constraint equation, since it is independent of the light-cone time. We may therefore eliminate any dependence on ψ L (representing unphysical degrees of freedom) in favor of ψ R , which carries the eight physical fermionic degrees of freedom in the theory. In addition, the equation of motion for the A + field yields Gauss' law: ∂ T R ψ R , and so the A + field may also be eliminated to leave the two bosonic degrees of freedom A I , I = 1, 2. Note that the two fermionic degrees of freedom exactly match the bosonic degrees of freedom associated with the transverse polarization of a four dimensional gauge field, which is of course consistent with the supersymmetry. We should emphasize that unlike the usual covariant formulation of Yang-Mills, the light-cone formulation here permits one to remove explicitly any unphysical degrees of freedom in the Lagrangian (or Hamiltonian); there are no ghosts, and supersymmetry is manifest.
